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INTRODUCTION
We consider the system of differential equations with piecewise constant
argument of the form
w xx9 t s B t x t q f t , x t , y t .  .  .  . .  .
1 .
w xy9 t s A t y t q C t y t q g t , x t , y t , .  .  .  .  .  . .  .
 . w x  .where t g R s y`, ` , ? denotes the greatest integer function, B t is
 .  .an r = r continuous matrix for t g R, A t , C t are k = k continuous
matrices for t g R, and f : R = R r = Rk ¬ R r, g : R = R r = Rk ¬ R k are
continuous functions on R = R r = Rk, small Lipschitzian in x and y.
  .  ..  . r  . kA pair of functions x t , y t , x: y`, ` ¬ R , y: y`, ` ¬ R , is a
 .solution of 1 if the following conditions are satisfied:
 .  .  .  .i The functions x t , y t are continuous on y`, ` .
 .  .  .  .ii The derivatives x9 t , y9 t exist on y`, ` except possibly at the
 4points t s n, n g Z s . . . , y1, 0, 1, . . . where one-sided derivatives exist.
 .   .  ..  . w .iii x t , y t satisfies 1 on every interval n, n q 1 , n g Z.
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r k  .A function ¨ : R = R ¬ R determines an integral manifold for 1 if
the following statements are true:
 . ri ¨ is continuous and bounded on R = R .
 .  .ii For any solution x t of the differential equation
w xx9 t s B t x t q f t , x t , ¨ t , x t .  .  .  . .  . .
  .   ...  .   .  ..we have that x t , ¨ t, x t is a solution of 1 . Moreover if x t , y t is
 .  <  . < 4  .   ..a solution of 1 with sup y t , t g R - ` it follows that y t s ¨ t, x t ,
t g R.
< <In what follows we denote by ? any norm.
We say that the linear differential equation
z9 t s A t z t , t g R, 2 .  .  .  .
 .where A t is a k = k continuous matrix for t g R, has an exponential
 2 .dichotomy on R if there exist a projection P P s P and constants
K G 1, a ) 0 such that
< y1 < ya tys.Z t PZ s F Ke , t G s .  .
3 .
< y1 < ya syt .Z t I y P Z s F Ke , s G t , .  .  .k
 .  .  .where Z t is the fundamental matrix solution of 2 such that Z 0 s I ,k
I is the k = k indentity matrix, and t, s g R.k
 .  .  .In this paper under some conditions on the matrices A t , B t , C t and
 .  .  .the functions f t, x, y , g t, x, y and assuming that 2 has an exponential
 .  .  .dichotomy 3 we prove that there exists an integral manifold ¨ t, x for 1
 .see Proposition 1 below .
We note that results concerning integral manifolds for equations of
 .  .  .the form 1 , where B t s 0, C t s 0, t g R, are included in the papers
w x1, 5, 7 .
We also note that differential equations with piecewise constant argu-
 . ment EPCA describe hybrid dynamical systems a combination of contin-
.uous and discrete and so combine properties of both differential and
difference equations. These equations may also have applications in cer-
w xtain biomedical models 2 . Results concerning asymptotic stability and
oscillatory behavior of the solutions of differential equations with piece-
w xwise constant argument are included in 3, 13, 14 and the references cited
w xtherein. In addition 14 contains results on the relationship between
equations with piecewise constant argument and impulsive equations.
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Moreover, the structural stability, the asymptotic behavior of the solutions
of a class of differential equations with piecewise constant argument, has
w xbeen studied in 10]12 .
MAIN RESULTS
We prove now our main results.
We need three lemmas. The first lemma concerns existence and unique-
ness of the solutions of a differential equation with piecewise constant
argument.
 .LEMMA 1. Suppose that B s , s g R, is an r = r continuous matrix on R
such that
< < < <B s sup B s , s g R s d , 0 - d - 1 4 4 .  .
and h: R = R r ¬ R r is a continuous function on R = R r such that for all
s g R, x , x g R r1 2
< < < <h s, x y h s, x F 2 p x y x , 5 .  .  .1 2 1 2
where p is a constant satisfying
1 y d
0 - p - . 6 .
4
Then if t g R, x g R r the initial ¨alue problem
w xx9 s s B s x s q h s, x s , x t s x 7 .  .  .  .  . .  .
 .has a unique solution x s satisfying the integral equation
s
w xx s s L s x s q h u , x u du, s g R, 8 .  .  .  . .  .H
w xs
 .where the matrix L s is defined as
s
L s s I q B u du 9 .  .  .Hr
w xs
and it is in¨ertible for all s g R, I is the r = r identity matrix.r
w x w x w x.Moreo¨er if m s s , n s t , then x s x s satisfies the problemm
ty1x s D x q H , x s L t x y h u , x u du , 10 .  .  . .Hmq 1 m m m n  /n
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where
mq1 mq1
D s I q B u du, H s h u , x u du. 11 .  .  . .H Hm r m
m m
 .  .   ..  .  .Proof. Using 4 and 9 resp. 11 it is obvious that L s resp. D ism
 .invertible for all s g R resp. m g Z and
y1y1< < < <L s F 1 q d , L s F 1 y d , s g R, 12 .  .  .  .
y1y1< < < <D F 1 q d , D F 1 y d , m g Z. 13 .  .m m
w xFor s g R and m s s we define
L s s L s , s g m , m q 1 , L m q 1 s D . .  . .  . m
 .  .We prove now that the problem 7 has a unique solution x s which
 .  . w x nsatisfies 8 and 10 for s g n, n q 1 . Let F be the space of the
n w x r < n <  < n . <continuous functions x : n, n q 1 ¬ R with x s sup x s , s g
w x4 n nn, n q 1 and T be the operator defined on F as
tn n y1 nT x s s L s L t x y h u , x u du .  .  .  . .H /n
s
nq h u , x u du, 14 .  . .H
n
where n F s F n q 1. It is obvious that T n is in F n. We show now that
n n n n n  .  .  .  .T is a contraction on F . If x , x g F from 5 , 12 , 13 , and 14 we1 2
take
4 pn nn n n n< < < < w xT x s y T x s F x y x , s g n , n q 1 , .  .1 2 1 21 y d
< n n <  < n . n . < w x4where x y x s sup x s y x s , s g n, n q 1 , which implies that1 2 1 2
n n  .T is a contraction on F , since 6 holds. Therefore there exists a unique
x n g F n such that
n n n w xT x s s x s , s g n , n q 1 . 15 .  .  .
 .  .  . n . w xThen from 14 and 15 it is obvious that x s s x s , s g n, n q 1 , is
 .  .  . w xthe unique solution of 7 satisfying 8 and 10 for s g n, n q 1 .
 .  .Working inductively backward we can define the solution x s of 7
w x  4in every interval m, m q 1 , m g . . . , n y 2, n y 1 , by the following
procedure:
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m m w x rLet F be the space of the continuous functions x : m, m q 1 ¬ R
< m <  < m . < w x4 mwith x s sup x s , s g m, m q 1 and T be the operator definedy
on F m as
mq1m m y1 mq1 mT x s s L s D x y h u , x u du .  .  . .Hy m mq1 /m
s
mq h u , x u du, . .H
m
w x mq 1 .  . wwhere s g m, m q 1 and x s is the solution of 7 for t g m q 1,
x m mm q 2 . Arguing as above we can prove that T is a contraction on Fy
and so T m has a unique fixed point x m g F m. Then it is obvious that they
 . m . w x  4function x s s x s , s g m, m q 1 , m g . . . , n y 2, n y 1 , is the
 .  x  .unique solution of the problem 7 on the space y`, n which satisfies 8
 .and 10 .
 .  .Working now inductively forward we define the solution x s of 7 in
w x  4every interval m, m q 1 , m g n q 1, n q 2, . . . , by using the operator
T m ,q
s
m m my1 m w xT x s s L s x q h u , x u du, s g m , m q 1 , .  .  . .Hq m
m
m m m my1 .where x g F , F has been defined previously, and x s is the
 . w x  .  .solution of 7 for s g m y 1, m . Using 5 and 6 we can easily prove
that T m is a contraction on F m and let x m g F m be the unique fixedq
m  . m . w x point of T . Then the function x s s x s , s g m, m q 1 , m g n q 1,q
4  . w .n q 2, . . . , is the unique solution of the problem 7 on the space n q 1, `
 .  .which satisfies 8 and 10 . Thus the proof of the lemma is complete.
 .  .LEMMA 2. Let B s be an r = r continuous matrix such that 4 holds
and h : R = R r ¬ R r, i s 1, 2, be continuous functions on R = R r such thati
for all s g R, x , x g R r1 2
< < < <h s, x y h s, x F 2 p x y x , i s 1, 2 16 .  .  .i 1 i 2 1 2
and
< < < <h s, x y h s, x F 2 p x y x q pE, 17 .  .  .1 1 2 2 1 2
where E and p are constants which satisfy
1 y d
E G 0, 0 - p - . 18 .
2 e 1 q d .
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i .Suppose that b is a positi¨ e constant. Then if x s , s g R, is a solution of the
problem
w x i ix9 s s B s x s q h s, x s , x t s x , 19 .  .  .  .  . .  .i
where t g R, x i g R r, i s 1, 2, the following relation is satisfied,
< 1 2 < < 1 2 < b < myn <x s y x s F N x y x e .  . 1
q p N e b < myn < q e E, sgR, 20 . .2
w x w x 2 . 1qdt  .where m s s , n s t , N s t 1 q d e , N s N 1 q 2 pe 1 q1 2 1
y1 y1.  b .y1   ..y1b t , d s e y 1 , t s 1 y d y 2 pe 1 q d .
 .  .  .Proof. Relations 4 , 16 , and 18 imply that all the conditions of
 .Lemma 1 are satisfied for 19 . Then for i s 1, 2 it holds that
s
i i iw xx s s L s x s q h u , x u du, s g R. 21 .  .  .  . .  .H i
w xs
 .  .  .Therefore from 12 , 17 , and 21 we obtain for s g R
< 1 2 < < 1 2 <x s y x s F 1 q d x y x .  .  . m m
s
1 2< <q pE q 2 p x u y x u du. 22 .  .  .H
m
w x  . w xApplying Gronwall's lemma 4, p. 19 to 22 for s g m, m q 1 and since
 .from 18 , 2 p - 1 it follows that
< 1 2 < < 1 2 <x s y x s F 1 q d e x y x q peE, s g R. 23 .  .  .  .m m
From Lemma 1 the function x i , i s 1, 2, satisfiesm
x i s D x i q H i ,mq 1 m m m
24 .ti y1 i ix s L t x y h u , x u du , .  . .Hn i /n
where
mq1i iH s h u , x u du, i s 1, 2. . .Hm i
m
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 .Now let s G t, from which m G n. Then from 24 we obtain
my1
i i i ix s x q H q D y I x , i s 1, 2, m G n. 25 .  . .m n k k r k
ksn
 .  .  .  .  .Using 4 , 11 , 17 , 23 , and 25 we get
< 1 2 < < 1 2 <x y x F x y x q p 1 q 2 pe E m y n .  .m m n n
my1
1 2< <q 2 ep 1 q d q d x y x , mGn. 26 .  . .  k k
ksn
yb myn. < 1 2 <  .  .On setting s s e x y x , from 26 and the relation m y nm m m
?eyb myn. - by1, m G n, we have
s F s q 1 q 2 pe pby1E .m n
my1
yb myk .q 2 ep 1 q d q d e s , mGn. 27 .  . .  k
ksn
w x  .  .When the discrete Gronwall's lemma 6, p. 21 is applied to 27 and 18 is
used it follows that
< 1 2 < < 1 2 < y1 d b myn.x y x F x y x q 1 q 2 pe pb E e e , m G n. 28 .  . .m m n n
Suppose now that s F t and so m F n. Then,
ny1
i i i ix s x q I y D x y H , i s 1, 2, n G m. 29 .  . .m n r k k k
ksm
 .  .  .  .  .  .From relations 4 , 11 , 17 , 18 , 23 , and 29 we obtain
< 1 2 < < 1 2 <x y x F t x y x q t p 1 q 2 pe E n y m .  .m m n n
ny1
1 2< <q t 2 ep 1 q d q d x y x , mFn y 1. . .  k k
ksmq1
30 .
yb nym. < 1 2 <  .Moreover, if n s e x y x , then from 30 and the relationm m m
 . yb nym. y1n y m e - b , n G m, we get
n F tn q t p 1 q 2 pe by1E .m n
ny1
yb kym.q t 2 ep 1 q d q d e n , 31 .  . .  k
ksmq1
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w x  .  .where m F n y 1. Applying Lemma 1 9, p. 458 to 31 and using 18 we
have
< 1 2 < < 1 2 < y1 dt b nym.x y x F x y x q 1 q 2 pe pb E t e e , m F n y 1. . .m m n n
32 .
 .  .  .Furthermore relations 12 , 17 , 24 imply that
y11 2 1 2< < < <x y x F 1 y d x y x q pE .  .n n
ty1 1 2< <q 2 p 1 y d x u y x u du. 33 .  .  .  .H
n
 .  .  .Then from 18 , 23 , and 33 we take
< 1 2 < < 1 2 <x y x F t x y x q 1 q 2 ep t pE. 34 .  .n n
 .  .  .  .  .Finally, relations 23 , 28 , 32 , and 34 imply that 20 is satisfied. This
completes the proof of the lemma.
For the remainder of this paper we need the following definition:
The difference equation
c s T c , n g Z, 35 .nq1 n n
T is a k = k invertible matrix for n g Z, has an exponential dichotomyn
 2 .on Z if there exist a projection P P s P and constants K G 1, a ) 0
such that
< < ya < nym <G n , m F Ke , n , m g Z, 36 .  .
where
C PCy1 , n G mn mG n , m s . y1 yC I y P C , m ) n , .n k m
 .C is the fundamental matrix solution of 35 such that C s I , I is then 0 k k
k = k identity matrix.
 .LEMMA 3. Suppose that B t is an r = r matrix continuous on R which
 .  .satisfies 4 , A t is a k = k continuous matrix on R, such that
< <A t F M , t g R, 37 .  .
 .  .where M is a constant, M ) 1, and Eq. 2 has exponential dichotomy 3 .
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 .Let C t be a k = k continuous matrix on R such that for all t g R
MeyM 1 ey2 b
< <C t F d s min , , 38 .  . 52 K f a f e .  .
 .where K, a are defined in 3 , e is a constant, 0 - e - a , 2b s a y e , and
 .  t .  t .f : R ¬ R is a function, f t s e q 1 r e y 1 , t g R. Consider also that
f : R = R r = R k ¬ R r is a continuous function on R = R r = R k such that
for all t g R, x , x g R r, y , y g Rk1 2 1 2
< < < < < <f t , x , y y f t , x , y F p x y x q y y y , 39 .  .  . .1 1 2 2 1 2 1 2
where p is a constant,
1 y d
0 - p - , 40 .
2 e 1 q d .
 . r k kd is defined in 4 . Finally, let g : R = R = R ¬ R be a continuous
function on R = R r = R k such that for all t g R, x g R r, y g Rk
< <g t , x , y F m , 41 .  .
m is a positi¨ e constant, and for all t g R, x , x g R r, y , y g Rk1 2 1 2
< < < <g t , x , y y g t , x , y F q x y x q y y y , 42 .  .  . .1 1 2 2 1 2 1 2
where q is a constant which satisfies the inequality
M 2 e b y 1 eyM .
q - N s , 43 .
b Mq2 bN q 1 M e y 1 q 3L M q d e .  .  . .3
  . . bqt d. e  .  .N s pe 1 q t d 1 q d 1 q pe e , L s 2 Ke f e , d is defined in 20 .3
r   .  ..  .Then for e¨ery x g R there exists a unique solution x t , y t of 10
such that
< <x 0 s x , sup y t , t g R - `. 44 4 .  .  .0
Proof. We consider the difference equation
w s T q S w s R w , n g Z, 45 .  .nq1 n n n n n
where
nq1y1 y1T s Z Z , S s Z Z u C u du, .  .Hn nq1 n n nq1
n
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 .  .  . w xZ t is defined in 3 . From 37 and Gronwall's lemma 4, p. 19 we take
< y1 < M < tys <Z t Z s F e , t , s g R. 46 .  .  .
 .  .Therefore using 38 , 46 we have that R is an invertible matrix forn
 .  .n g Z. Since 2 has an exponential dichotomy 3 , it is obvious that Eq.
 .  .  .35 with T defined in 45 has an exponential dichotomy 36 . Then fromn
 .  .  .36 , 38 , 46 we can apply the roughness of exponential dichotomies for
w x  .difference equations 8, p. 276 to 45 and so there exists a projection Q
 2 .Q s Q such that
y2 b < nym << <G n , m F Le , n , m g Z, 47 .  .
where
W QWy1 , n G mn mG n , m s . y1 yW I y Q W , m ) n , .n k m
 .W is the fundamental matrix solution of 45 such that W s I .n 0 k
We consider the space C of the continuous functions y: R ¬ R k such
< <  yb < n < <  . < 4 w x rthat y s sup e y t , t g R - `, n s t . Let y g C and x g R .0
 . rFrom 39 for all t g R, x , x g R it follows that1 2
< <f t , x , y t y f t , x , y t F p x y x . 48 .  .  . .  .1 2 1 2
 .  .Since 40 and 48 hold, from Lemma 1 the problem
w xx9 t s B t x t q f t , x t , y t , x 0 s x 49 .  .  .  .  .  . .  . 0
 .  .has a unique solution x t s x t, 0, x . Let H be the operator defined on0
C as
ty1 y1H y t s Z t Z q Z u C u du b .  .  .  .Hn n /n
t y1q Z t Z u g u , x u , y u du, 50 .  .  .  .  . .H
n
`
b s G n , k q 1 j , .n k
ksy` 51 .
kq1 y1 w xj s Z Z u g u , x u , y u du, n s t , .  .  . .Hk kq1
k
 .  .  .  .where Z t is defined in 3 and x u s x u, 0, x .0
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 .  .  .  .  .  .Using relations 38 , 41 , 46 , 47 , 50 , and 51 we take
< <H y t F ml, t g R, 52 .  .
y2 M M  .  .where l s M e M q Le M q d f 2b .
It is easy to show that b satisfies the difference equationn
b s R b q j , n g Z.nq1 n n n
Then the function H y is continuous at t s n g Z and so it is obvious that
H y is continuous on R. Therefore H is in C.
We prove now that H is a contraction on C. Let y , y g C and1 2
 .  .x t s x t, 0, x be the solution of the problemi i 0
X w xx t s B t x t q f t , x t , y t , x 0 s x , i s 1, 2. .  .  .  .  . .  .i i i i i 0
 .Relation 39 implies that
yb < n <e f t , x t , y t y f t , x t , y t .  .  .  . .  .1 1 2 2
yb < n < w xF pe x t y x t q p y y y , n s t , 53 .  .  .1 2 1 2
< <  yb < n < <  .  . < 4  .where y y y s sup e y t y y t , t g R . Using 53 and arguing1 2 1 2
as in the proof of Lemma 2 we take
yb < n < < <e x t y x t F N y y y , t g R. 54 .  .  .1 2 3 1 2
 .  .  .  .  .  .  .From the relations 38 , 42 , 46 , 47 , 50 , 51 , and 54 we get
yb < n < y1 M yb < n < 1 2< <e H y t y H y t F M q d M e e b y b .  .  .1 2 n n
y1 M < <q qM e N q 1 y y y , tgR, 55 .  .3 1 2
3Lq N q 1 e Mq 2 b .3yb < n < 1 2< < < <e b y b F y y y , 56 .n n 1 2bM e y 1 .
`
i ib s G n , k q 1 j , .n k
ksy`
kq1i y1j s Z Z u g u , x u , y u du. .  .  . .Hk kq1 i i
k
 .  .  .Therefore relations 43 , 55 , and 56 imply that H is a contraction on C
and so there exists a unique y g C such that
H y s y. 57 .
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 .  .  .   .  ..  .From 50 , 51 , and 57 it follows that x t , y t , x t satisfies the
 .  .  .problem 49 , is a solution of 1 which satisfies 44 .
  .  ..  .Suppose that there exists another solution x t , y t of 1 such that
< <x 0 s x , sup y t , t g R - `. 4 .  .0
 .Then y t satisfies
ty1 y1y t s Z t Z q Z u C u du y .  .  .  .Hn n /n
t y1q Z t Z u g u , x u , y u du. 58 .  .  .  .  . .H
n
 .From the continuity of the function y t it follows that y satisfiesn
y s R y q j ,nq1 n n n
nq1 y1j s Z Z u g u , x u , y u du, ngZ. .  .  . .Hn nq1
n
 .  .  . w xThen since 41 , 46 , and 47 hold, from Lemma 2.7 8, p. 272 we obtain
`
y s G n , k q 1 j . 59 .  .n k
ksy`
 .  .Therefore from 58 and 59 it follows that y is a fixed point of H. Then
 .  .  .  .x t s x t , y t s y t . This completes the proof of the lemma.
In the following proposition we find conditions so that the integral
 .manifold for 1 exists.
PROPOSITION 1. Suppose that all the conditions of Lemma 3 are satisfied.
 .Moreo¨er consider that the constant q defined in 42 satisfies the inequality
1 MeyM
q - min , , 60 . 52g v M q d q 2 N q e p q 1 .  .2
M y 2 M q 2 b M y 1  .  .. g s N e M M q Le M q d f b , v s Le M 1 q1
2 b.  .  ..  .  .2 pe f 2b q 2 pN e f b , and N , N are defined in 20 , b , d , f ? in2 1 2
 .  .  .  .38 , and M, p, L in 37 , 39 , 43 , respecti¨ ely.
Then there exists a function ¨ : R = R r ¬ R k which determines an integral
 . r r  .manifold for 1 and for all t g R, x g R , x , x g R the function ¨ t, x1 2
satisfies the relations
< <¨ t , x F ml, ¨ t , x y ¨ t , x F u x y x , 61 .  .  .  .1 2 1 2
 .  .   ..  .where m resp. l is defined in 41 resp. 52 and u s g qr 1 y g q .
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Proof. Let C be the space of the functions ¨ : R = R r ¬ R k continu-
r  .ous and bounded on R = R such that the relations 61 hold.
 .  .  .From 60 it is obvious that u - 1. Then if ¨ g C relations 39 and 61
imply that the relation
< <f s, x , ¨ s, x y f s, x , ¨ s, x F 2 p x y x 62 .  .  . .  .1 1 2 2 1 2
r  .  .  .holds for all s g R, x , x g R . Therefore since 4 , 40 , and 62 hold,1 2
from Lemma 1 the equation
w xx9 s s B s x s q f s, x s , ¨ s, x s , s g R 63 .  .  .  .  . .  . .
 .  .  .has a unique solution x s s x s, t, x , ¨ such that x t s x , t g R,
x g R r.
w xIf n s t we define the operator K on C as
ty1 y1K¨ t , x s Z t Z q Z s C s ds b n , ¨ , x .  .  .  .  .Hn /n
t y1q Z t Z s g s, x s , ¨ s, x s ds, 64 .  .  .  .  . . .H
n
`
b n , ¨ , x s G n , m q 1 z , .  . m
msy` 65 .
mq1 y1z s Z Z s g s, x s , ¨ s, x s ds, .  .  . . .Hm mq1
m
 .   ..  .   ..  .where Z t resp. G n, m is defined in 3 resp. 47 and x s s
 .x s, t, x , ¨ .
 .  .  .  .  .  .From 38 , 41 , 46 , 47 , 64 , and 65 it holds that
rK¨ t , x F ml, t g R, x g R . 66 .  .
r  .  .  .Consider now x , x g R and let x s s x s, t, x , ¨ , x s s1 2 1 1 1 2
 .  .  .  .x s, t, x , ¨ be the solutions of 63 such that x t s x , x t s x .2 2 1 1 2 2
 .  .  .  .  .Then since 4 , 40 , and 62 hold, by setting h s, x s h s, x s1 2
  ..f s, x , ¨ s, x and E s 0 in Lemma 2 we take
b < myn << <x s y x s F N x y x e , s g R, 67 .  .  .1 2 1 1 2
w x  .  .where m s s . Moreover from 42 and 61 we get for all s g R
g s, x s , ¨ s, x s y g s, x s , ¨ s, x s .  .  .  . .  . .  .1 1 2 2
F q 1 q u x s y x s . 68 .  .  .  .1 2
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 .  .  .  .  .Hence using 38 , 46 , 64 , 67 , 68 we have for t g R,
y1 MK¨ t , x y K¨ t , x F M q d M e b n , ¨ , x y b n , ¨ , x .  .  .  .  .1 2 1 2
y1 M < <q 1 q u qN M e x y x . 69 .  .1 1 2
 .  .  .  .  .Moreover relations 46 , 47 , 65 , 67 , 68 imply that
y1 Mq2 b < <b n , ¨ , x y b n , ¨ , x F 1 q u LN M qe f b x y x . .  .  .  .1 2 1 1 2
70 .
 .  .Hence from 69 and 70 it follows that
< <K¨ t , x y K¨ t , x F u x y x . 71 .  .  .1 2 1 2
 .  .Arguing as in Lemma 3 we can prove that K¨ t s K¨ t, x is continu-x
ous on R for every x g R r. Furthermore for all t, t g R, x , x g R r it is0 0
obvious that
K¨ t , x y K¨ t , x F K¨ t , x y K¨ t , x .  .  .  .0 0 0
q K¨ t , x y K¨ t , x . 72 .  .  .0 0 0
 .  .  .Then it is obvious that relations 71 and 72 imply that K t, x is
r  .  .continuous on R = R and so from 66 and 71 K is in C.
We prove now that K is a contraction on C. Let ¨ , ¨ g C. Then using1 2
 . r39 and the relation u - 1, for all s g R, x , x g R it follows that1 2
< <f s, x , ¨ s, x y f s, x , ¨ s, x F 2 p x y x , i s 1, 2. .  . .  .1 i 1 2 i 2 1 2
73 .
 . rMoreover from 61 for all s g R, x , x g R it holds that1 2
< < < <¨ s, x y ¨ s, x F u x y x q ¨ y ¨ , 74 .  .  .1 1 2 2 1 2 1 2
< <  <  .  . < r4where ¨ y ¨ s sup ¨ s, x y ¨ s, x , s g R, x g R . Hence from1 2 1 2
 .39 and the relation u - 1 we get
< < < <f s, x , ¨ s, x y f s, x , ¨ s, x F 2 p x y x q p ¨ y ¨ . .  . .  .1 1 1 2 2 2 1 2 1 2
75 .
 .  .  .  .Let x s s x s, t, x , ¨ , i s 1, 2, be the solution of 19 with h s, x si i i i
  ..  .  .  .  .  .f s, x , ¨ s, x , i s 1, 2, such that x t s x t s x . Since 4 , 40 , 73 ,i 1 2
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 .and 75 hold, from Lemma 2 we have
b < myn < < <x s y x s F N e q e p ¨ y ¨ , s g R. 76 .  .  . .1 2 2 1 2
 .  .Furthermore, using 42 , 74 , and u - 1 we obtain
g s, x s , ¨ s, x s y g s, x s , ¨ s, x s .  .  .  . .  . .  .1 1 1 2 2 2
< <F 2 q x s y x s q q ¨ y ¨ . 77 .  .  .1 2 1 2
r  .  .  .  .  .  .Then for all t g R and x g R relations 38 , 46 , 47 , 64 , 65 , 76 ,
 .77 imply that
y1 MK¨ t , x y K¨ t , x F M q d M e b n , ¨ , x y b n , ¨ , x .  .  .  .  .1 2 1 2
M y1 < <q qe M 1 q 2 N q e p ¨ y ¨ , 78 .  . .2 1 2
< <b n , ¨ , x y b n , ¨ , x F qv ¨ y ¨ . 79 .  .  .1 2 1 2
 .  .  .Therefore from 60 , 78 , and 79 it is obvious that K is a contraction on
C and so there exists a unique ¨ g C such that
K¨ s ¨ . 80 .
 .  .  .   .   ..  .So using 64 , 65 , and 80 we can show that x t , ¨ t, x t , x t satisfies
 .  .63 , is a solution of 1 .
  .  ..  .  <  . <Suppose now that x t , y t is a solution of 1 such that sup y t ,
4  .   ..t g R - `. Then using Lemma 3 we have that y t s ¨ t, x t , t g R.
 .  .Therefore ¨ t, x determines an integral manifold for 1 . This completes
the proof of the proposition.
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